
CSE 20: Discrete Mathematics 
for Computer Science 
 
Prof. Miles Jones

Today’s Topics:
1. Graphs 
2. Some theorems on graphs 
3. Eulerian graphs
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Graphs
! Model relations between pairs of objects 

! Basic ingredient in many algorithms: 
Network routing, GPS guidance, Simulation 
of chemical reactions,…
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The Internet graph
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Facebook graph
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San diego road graph
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Graph terminology
! The fruits are the 

A. Graphs 
B. Vertices 
C. Edges 
D. Loops 
E. None/other/more than one
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Graph terminology
! The arrows are the 

A. Graphs 
B. Vertices 
C. Edges 
D. Loops 
E. None/other/more than one
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Graph terminology
! Is this graph 

A. Undirected 
B. Directed 
C. Both 
D. Neither 
E. None/other/more than one
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Our first graph theorem
! We already saw a theorem about graphs! 

! Recall: in any group of 6 people, either 
there are 3 that form a club, or 3 that are 
strangers 

! Any graph with 6 vertices contains either a 
triangle (3 vertices all connected) or an 
empty triangle (3 vertices not connected)
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All 78 possible friends-strangers graphs with 6 nodes.
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Our second graph theorem
! Let G be an undirected graph 

! Degree of a vertex – number of edges 
adjacent to it (e.g. touch it) 
! Denote it by degree(v) 

! Theorem: in any undirected graph without 
loops, the sum of all the degrees is even 

! Try and prove yourself first
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Our second graph theorem
! Theorem: in any undirected graph, the sum of all the 

degrees is even 

! Proof: 
 Consider pairs (v,e) with v a vertex and e an edge 

adjacent to it. Create a list of all such pairs. How many 
elements does this list has? We calculate it in two ways 

  
1. Each vertex v has degree(v) edges adjacent to it, so 

this list has sum of degrees many elements 
2. Each edge has 2 vertices adjacent to it, so this list has 

twice the number of edges many elements 

 So, sum of degrees = twice the number of edges, hence 
it must be even. QED.
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Eulerian graphs
! Let G be an undirected graph 

! A graph is Eulerian if it can  
 drawn without lifting the pen 
 and without repeating edges 

! Is this graph Eulerian? 
A. Yes 
B. No
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Eulerian graphs
! Let G be an undirected graph 

! A graph is Eulerian if it can  
 drawn without lifting the pen 
 and without repeating edges 

! What about this graph 
A. Yes 
B. No
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Eulerian graphs
! How can we check if a graph is Eulerian? 

A. Check all possible paths 
B. Stare and guess 
C. Be brave and do some math
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Eulerian graphs
! Degree of a vertex: number of edges 

adjacent to it 

! Euler’s theorem: a connected graph is 
Eulerian iff the number of vertices with odd 
degrees is either 0 or 2 

! Does it work for                and              ? 
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Proving Euler’s theorem
! Euler’s theorem gives a necessary and 

sufficient condition for a connected graph to 
be Eulerian 
! All degrees are even 
! Two degrees odd, rest are even 

! Will prove this 
! Will see how algorithmic thinking is useful
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Proving Euler’s theorem: 
necessary part
! Euler’s theorem (necessary part): 
 If a connected graph G is Eulerian then all 

degrees are even; or two degrees are odd 
and rest are even  

Try to prove it first yourself
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Proving Euler’s theorem: 
necessary part
! Proof of Euler’s theorem (necessary part): 
  
 Let G be a graph with an Euler path:  v1,v2,v3,

….,vk where (vi,vi+1) are edges in G; vertices 
may appear more than once; and each edge 
of G is accounted for exactly once.
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Proving Euler’s theorem: 
necessary part
! Proof of Euler’s theorem (necessary part): 
  
 Let G be a graph with an Euler path:  v1,v2,v3,….,vk 

where (vi,vi+1) are edges in G; vertices may appear 
more than once; and each edge of G is accounted for 
exactly once. 

For example, if G=                   path=1,2,3,4,5,2,4,1,5  

 

22

1

2
3

4

5

Proving Euler’s theorem: 
necessary part
! Proof of Euler’s theorem (necessary part): 
  
 Let G be a graph with an Euler path:  v1,v2,v3,….,vk where (vi,vi

+1) are edges in G; vertices may appear more than once; and 
each edge of G is accounted for exactly once. 

 The degree of a vertex of G is the number of edges it has. For 
any internal vertex in the path (eg not v1 or vk), we count 2 
edges in the path (one going in and one going out). So, any 
vertex which is not v1 or vk must have an even degree. 

 If v1≠vk then both have odd degrees. If v1=vk is the same 
vertex then it also has even degree. QED.
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Proving Euler’s theorem: 
sufficient part
! Euler’s theorem (sufficient part): 
 If G is a connected graph with all degrees 

even, then G is Eulerian 

(we won’t show this here, but the proof can be 
extended to the case where exactly two 
degrees are odd, and the rest are even)
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Proving Euler’s theorem: 
sufficient part
! Euler’s theorem (sufficient part): 
 If G is a connected graph with all degrees even, then 

G is Eulerian 

! Let v1 be an arbitrary start vertex 
! Create a path v1,v2,…,vk using the following algorithm: 

! If there exists a vertex vk+1 such that the edge (vk,vk+1) 
was not visited yet, add vk+1 to the path 

! Repeat
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Example
! Creating a path
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Example
! Creating a path 

! Say we choose v1=1 

! 1,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,4,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,4,1,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,4,1,6,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,4,1,6,5,
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Example
! Creating a path 

! Say we choose v1=1 

! 1,2,3,4,1,6,5,1

34

1

2
3

4

5

6

Proving Euler’s theorem: 
sufficient part
! Assumption: all degrees are even 

! Claim: if the path started with v1, it must 
end with v1 

! Try and prove it yourself first
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Proving Euler’s theorem: 
sufficient part
! Assumption: all degrees are even 
! Claim: start and end vertex are the same 

! Proof: by contradiction.  
! Assume that the path the algorithm creates is v1,v2,….,vk 

with v1≠vk.  
! Say vk occurred n≥0 previous times in the path.  
! Then we visited 2n+1 edges touching vk.  
! Since all the degrees are even, there is still some edge 

touching vk which we didn’t traverse.  
! Hence, the algorithm cannot stop with vk. QED
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Proving Euler’s theorem: 
sufficient part
! Claim: if the path started with v1, it must 

end with v1 

! Problem: maybe this path doesn’t cover 
all edges in the graph 

! E.g.                          path 1,2,3,4,1,6,5,1
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Proving Euler’s theorem: 
sufficient part
! Claim: if the path started with v1, it must end with 

v1 

! Problem: maybe this path doesn’t cover all 
edges in the graph 

! Solution (proof idea):  
! Remove edges in path from graph 
! Remaining degrees are still even 
! Find another path 
! Connect it to original path 
! Continue until all edges covered
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Example
! Creating a path 

! Say we choose v1=1 

! Cycle 1:1,2,3,4,1,6,5,1 
! Cycle 2: 2,4,5,2 
! Combined cycle: 1,2,4,5,2,3,4,1,6,5,1
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